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In Hwang and Pyo [S.G. Hwang, S.S. Pyo, The inverse eigenvalue
problem for symmetric doubly stochastic matrices, Linear Algebra
Appl. 379 (2004) 77–83], it is claimed that : for a real n-tuple Λ =
(1, λ2, . . . , λn) with 1 > λ2  · · · λn, if
1
n
+ λ2
n(n − 1) +
λ3
(n − 1)(n − 2) + · · · +
λn
2 · 1  0,
then there exists a symmetric positive doubly stochastic matrix
whose spectrum is Λ. In this paper we give a counterexample to
this proposition.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
A real matrix A is called nonnegative (resp. positive), written A 0 (resp. A > 0), if all of its entries
are nonnegative(resp. positive). A square nonnegative matrix is called doubly stochastic if all of its
rows and columns have sum 1 [1]. The set of all n × n doubly stochastic matrices is denoted by Ωn.
For a square matrix A, let σ(A) denote the spectrum of A. Given an n-tupleΛ = (λ1, λ2, . . . , λn) of
numbers, real or complex, deciding the existence of amatrix Awith some speciﬁc properties such that
σ(A) = Λ has been one of the problems of main interest in the theory of matrices for a long time. In
[2], the following proposition is claimed.
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Proposition 1 ([2]). Let Λ = (1, λ2, . . . , λn) be a real n-tuple with 1 > λ2  · · · λn. If
1
n
+ λ2
n(n − 1) +
λ3
(n − 1)(n − 2) + · · · +
λn
2 · 1  0,
then there exists a symmetric positive A ∈ Ωn with σ(A) = Λ.
In this paper we give a counterexample to this proposition.
2. Main result
Theorem 1. Let Λ =
(
1, 0,− 2
3
)
. Then there does not exist a 3 × 3 symmetric positive doubly stochastic
matrix whose spectrum is Λ.
Proof. It is easy to verify that the matrix
A =
⎛
⎜⎜⎜⎝
0 2
3
1
3
2
3
0 1
3
1
3
1
3
1
3
⎞
⎟⎟⎟⎠
is symmetric doubly stochastic and A has the spectrumΛ. Next we prove that if B is a 3 × 3 symmetric
doubly stochastic matrix with spectrum Λ, then B is permutation similar to A. Hence B has two zero
entries and this will complete the proof of Theorem 1.
Suppose the unit eigenvector of B associated with the eigenvalue− 2
3
is x = (x1, x2, x3)T . Note that
the unit Perron vector of B associated with the eigenvalue 1 is
(
1√
3
, 1√
3
, 1√
3
)T
. Then
B =
(
1√
3
,
1√
3
,
1√
3
)T (
1√
3
,
1√
3
,
1√
3
)
− 2
3
xxT
=
⎛
⎜⎜⎜⎝
1
3
− 2
3
x21
1
3
− 2
3
x1x2
1
3
− 2
3
x1x3
1
3
− 2
3
x1x2
1
3
− 2
3
x22
1
3
− 2
3
x2x3
1
3
− 2
3
x1x3
1
3
− 2
3
x2x3
1
3
− 2
3
x23
⎞
⎟⎟⎟⎠ .
Since x is a unit vector and it is orthogonal to the eigenvector
(
1√
3
, 1√
3
, 1√
3
)T
, we have
x21 + x22 + x23 = 1,
x1 + x2 + x3 = 0.
Since B is nonnegative, we have
x21 
1
2
, x22 
1
2
, x23 
1
2
, 1 − 2xixj  0, i < j, i, j ∈ {1, 2, 3}.
Here by permutation similarity transform of B and consider −x if necessary, we can suppose that
x1  x3  0 x2. From
x1 + x2 = −x3, x21 + x22 = 1 − x23 ,
we get
x1x2 = x23 −
1
2
.
It follows that x1 and x2 are the roots of
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Y2 + x3Y + x23 −
1
2
= 0
so that
x1,2 =
−x3 ±
√
2 − 3x23
2
.
Suppose that x3 > 0. Then
x2 =
−x3 −
√
2 − 3x23
2
and
x22 =
1 − x23 + x3
√
2 − 3x23
2
.
Since 2x22  1, we have 1 − x23 + x3
√
2 − 3x23  1, which implies 2 4x23, i.e., x23 = 12 and an easy
contradiction. Therefore, x3 = 0 and the unique solution is that above.
Remark 1. In [2], it is claimed that : for a real n-tuple Λ = (1, λ2, . . . , λn) with 1 > λ2  · · · λn, if
1
n
+ λ2
n(n − 1) +
λ3
(n − 1)(n − 2) + · · · +
λn
2 · 1  0,
then there exists a symmetric positive doubly stochastic matrix whose spectrum is Λ. Now let n = 3
and Λ =
(
1, 0,− 2
3
)
. Then
1
3
+ 0
3 · 2 +
− 2
3
2 · 1  0.
But from Theorem 1, we know there does not exist any symmetric positive doubly stochastic matrix
with spectrum Λ.
Remark 2. We can pose the following question:
Character the n-tuple Λ = (1, λ2, . . . , λn), such that up to permutation similarity, there exists a
unique symmetric nonnegative doubly stochastic matrix with spectrum Λ. If Λ = (1, 0, . . . , 0), we
know 1
n
J(J the all 1’s matrix) is. If Λ = (1, 1, . . . , 1), the identity matrix I is.
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